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Phase dynamics of nearly stationary patterns in activator-inhibitor systems
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The slow dynamics of nearly stationary patterns in a FitzHugh-Nagumo model are studied using a phase
dynamics approach. A Cross-Newell phase equation describing slow and weak modulations of periodic sta-
tionary solutions is derived. The derivation applies to the bistable, excitable, and Turing unstable regimes. In
the bistable case stability thresholds are obtained for the Eckhaus and zigzag instabilities and for the transition
to traveling waves. Neutral stability curves demonstrate the destabilization of stationary planar patterns at low
wave numbers to zigzag and traveling modes. Numerical solutions of the model system support the theoretical
findings.

PACS numbg(s): 05.45—-a, 45.70.Qj, 47.54:r, 82.20.Mj

I. INTRODUCTION Jv
—p—€u—aw—ag)+ 6V?.

Studies of stationary patterns in activator-inhibitor sys-
tems have focused primarily on localized structures such aere, u is the activator and the inhibitor. The parameters
pulses and spots in excitable and bistable métie8], and  a, anda; can be chosen so that the FHN mod#l repre-
periodic patterns near a Turing bifurcatit+11]. Localized  sents an excitable medium, a bistable medium, or a system
structures have instabilities to traveling patterns, breathingvith a Turing instability{ 13]. All three cases support station-
motion, and transverse deformatidi2s12—14. Periodic pat- ary periodic solutions fop sufficiently large.
terns have been analyzed near the onset of a Turing instabil- In Sec. Il we derive a phase equation describing weak
ity and also near the codimension-2 point of a Turing instamodulations of a periodic stripe pattern in the FHN model. In
bility and a Hopf bifurcatio[15—-19. But very few studies Sec. lll we evaluate stability thresholds for Eckhaus and zig-
have explored instabilities geriodic (nonloca) stationary  zag instabilities and for a transition from stationary to trav-
patterns in excitable and bistable media, or of periodic staeling patterns. These thresholds suggest a number of spatial
tionary patternsfar beyondthe Turing instability[20,21]. or spatiotemporal behaviors that we test in Sec. IV with nu-
The latter case includes pattern formation studies on thenerical solutions of Eqg1).
chlorite iodide malonic acid(CIMA) chemical reaction

[17,22,23. Il. PHASE EQUATION
In this paper we study instabilities of stationary periodic
patterns by deriving a Cross-Newell phase equdish-26. Let ug(6;k) =uo(0+2m;k), vo(8;k)=vo(0+2m;k) be

The derivation is not restricted to the immediate neighbor2 stationary periodic solution of Eqél) with phase# and
hood of a Turing instability and applies to periodic patternswave numberk. We consider weak spatial modulations of
with space-scale separation that arise far from onset or ithis periodic pattern and assume that these modulations have
excitable and bistable media. The Cross-Newell equatio@ length scalé that is much larger than the wavelengthk.1/
was originally derived in the context of fluid dynamics and The ratio of the length scales=1/(kL) can then be used as
has recently been applied in a laser sysfef. a small parameter to write modulated solutions as an

We choose to study the FitzHugh-NagurtiHN) equa- ~ asymptotic expansion about the periodic solution,
tions, a canonical model for activator-inhibitor systems, 2

u(6,R,T)=up(8;k) +Au.(0,R, T)+N“Ux(6,R, T)+---,

v(0,R,T)=0vo(6;K)+Nv1(6,R,T)+N20,(6,R,T)+ -+,

au
vy, & @
whereR=\r andT=\?t are slow space and time variables.
The phaség in Eq. (2) is an undetermined function of space
*Electronic address: aric@lanl.gov and time andck=|k|=|V ¢| is the local wave number. Our
"Electronic address: ehud@bgumail.bgu.ac.il objective is to derive an equation for the slow phase,
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O(R,T):=\6(r,R,T).
In terms of this phase the local wave vector is
k(R,T)=Vg0O.

Inserting the expansior(8) in Egs.(1) we find at order unity

d%u
.3 2 0_
Uo—Ug—vo+k ye 0, (33
2
Cawo—ag)+ k2L =0 3b
€(Up—ayvo—ag) Py RN (3b)
wherek?®=k-k. At orderX,
, & ) g
k E+1—3UO ul_vl_Dﬂ_ﬁ’ (4a)
, & __dvg
eu+| ok (9—02—66.1 Ul_Dﬁ_ﬁ, (4b)
where
00

Projecting the right hand side of Ed4) onto (dyug,
—€e Y9,,), the solution of the adjoint problem, produces
the phase equation

00

T(?T - VR(kB)y

where
(6)
(7)

7=((dgup)?) — € H(dgv0)?),
B=—((dgup)?) + S H(dgv0)?).

In these equation§(-)):=(1/27) [37(-)dé.

The quantitiedB and 7 contain information about various
instabilities of the periodic stripe pattern. The condition
(d/dk)[kB(k)]=0 implies the onset of an Eckhaus instabil-
ity and the conditiorB=0 the onset of a zigzag instability
[25]. In Appendix A we show that the conditior=0 indi-
cates a transition to traveling waves.

To implement these conditions we need to solve Egs.
for the periodic solution y,v,). For parameter values that
satisfye/ 5:=u<<1 an approximate solution can be computed
as shown in Appendix B. Using this solution to calculate
andB, as shown in Appendix C, gives the following expres-
sions:

22

T3k gakp P VA A,

®)
22

B=3mk

U _
——=B(A)y(A_ ,AL),
N
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A+A+=27Tk\/;, 9
viB(AL)+v_B(A)=0, (10)

wherep= €l 8,p=\/ed,v.=(=1-ay)/q? g’=a,+1/2,

B(x)=cothgx—cschgx, (17
and
Y(A_,A;)=—1+3(1+ay)qA _cschgA _
+1(1—ap)gA cschgA , . (12

The quantitiesA , and A_ denote the widths of domains
with high and low values ofl andv, respectively. The width
is measured with respect to the spatial coordinate
=(\/u/K) 6 (see Appendix B Givenk, Egs.(9) and(10) can

be solved forA . (k) and A _(k). Using these solutions in
Eq. (8) graphs ofr andkB as functions ok can be produced.

Ill. STABILITY THRESHOLDS

Explicit forms for (k) andB(k) are available in the sym-
metric casep,=0, whereA , =A _=7u/k:

7c
k)= 1-—f /k )
o= Ay (7 ulk)
(13
Tc
B(k)=—(l——f(1-rq\/;/k) ,
7Tk770q3 \/;
where 7.=3/2y2q° and
f(x)=(1—xcschx)(cothx—cschx). (14

Figure 1 shows graphs of(k) and kB(k) for a bistable
medium obtained with Eqg13) (thick lines and with Egs.
(6) and (7) using numerically calculated solutiong,,vg
(circles. A very good agreement is obtained within the va-
lidity range of the analysik~ O(\/u)<1. Fork~O(1) the
deviations become large. In particular, the minimum of
kB(k), which designates the Eckhaus instability threshold, is
not reproduced by the analytical for(h3).

The instability to traveling waves occurs a0 or at

e=n2f2(mqulk) 5L (15)
The zigzag instability occurs &=0 or at
e=n2f2(mq\ulk) 6. (16)

The condition ¢I/dk) (kB) =0 for the Eckhaus instability be-
comes
df
- =0.
X x=mqul/k

Consider first the limitk— 0 in which the periodic pattern
approaches an array of isolated front structures. In this limit
f(mqyu/k)—1 and the condition for the onset of traveling
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FIG. 1. Typical functionsr(k) and kB(k) for a bistable me- ] 5
dium. The curves represent the functions of H48). The circles 2.5 =

are numerically computed solutions using E@®. and (7). The ] :
point kB=0 indicates the boundary between stable stationary 2.0 iy
stripes and zigzag patterns. At 0 the pattern becomes unstable to ] F
traveling waves. Parametes; =4, a;=0, €=0.001, §=2.0. 1.5 -

waves becomes= 1735‘1. This is precisely the nonequilib- 1.0 7 o
rium Ising-Bloch(NIB) bifurcation point, where a stationary ] '
front loses stability to a pair of counterpropagating fronts. ]
The condition for the zigzag instability becomes- 7755. 0.0 1
This is the threshold for the transverse front instabil2g].
The neutral stability curves for a bistable medium corre-
sponding to Eqgs(15) and(16) are shown in Figs. @) and () k
2(b) for fixed & ar_ld €, respectively. They imply _t_hat h'gh_ FIG. 2. The neutral stability boundaries for the zigzag instability
wave number stationary planar patterns are stabilized agamagzo; thick curve and traveling wave instability #=0; thin
zigzag and travelin_g_ wave instabilities. Notic_e _that for curve in (a) the e-k parameter plane, an) the -k parameter
=1 the neutral stability curves=0 andB=0 coincide[see  pjane. To the left of th&=0 curve, planar periodic patterns are
Egs.(15 and(16) or Fig. 2b)]. For 6>1, upon decreasing unstable to zigzag patterns. To the left of the 0 curve, planar
the wave number at constaata high wave number pattern periodic patterns are unstable to traveling waves. Parameters:
is destabilized to a zigzag pattern, whereasderl the de- =2, a,=0, e=0.01,5=2.
stabilization is to traveling waves. Similar neutral stability
curves are found for the nonsymmetric caags 0, for ex-
citable media, and for systeni&r) beyond the Turing insta-
bility.

collapse either to uniform states or to a lower wave number
pattern through phase slips. Figure 5 demonstrates these two
cases. Similar conclusions hold for excitable systems. An
unstable Turing pattern, on the other hand, always converges
to a lower wave number pattern since the single uniform
We have computed numerical solutions of E@3.to test ~ State is unstable.
the stabilization of zigzag and traveling wave instabilities at
high wave numbers. Figure 3 shows a low wave number
zigzag pattern and a high wave number planar pattern com- V. CONCLUSION
puted for the same parameter values. This behavior is well )
known in other context$29]. The zigzag instability is a ~ We have shown that the Cross-Newell phase equation
mechanism by which the System |Oca||y increases the WavBrOVideS a powerful tool for Studying instabilities of station-
number. Figure 4 shows coexistence of a low wave numbe®ry periodic patterns in activator-inhibitor systems. The
traveling wave and a high wave number stationary patternequation contains information not only on the Eckhaus and
These numerical results are for a bistable system but similazigzag instabilities, but also on the destabilization of station-
results are found for excitable and Turing unstable systemsry periodic patterns to traveling waves. The same equation
Coexistence of stationary and traveling waves has beeapplies to bistable, excitable, and Turing unstable systems.
found in experiments on the CIMA reactiph7,23 and ana- Equations of that kind should prove useful in identifying
lyzed using different theoretical approache®,30,31,21. parameters and initial conditions where zigzag and Eckhaus
We have also tested the condition for the Eckhaus instainstabilities couple to traveling wave modes. Such coupling
bility in a bistable system using numerical computations of may lead to complex spatiotemporal behavior analogous to
andB. Choosing wave numbeks>k. wherek, corresponds the coupling of the NIB front bifurcation to a transverse front
to the minimum ok B, we found that initial periodic patterns instability [28,32

IV. COMPARISONS WITH NUMERICAL SOLUTIONS
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FIG. 3. Coexistence of zigzag and planar patterns. The dark

areas indicate regions af>0 and the light regiona<<0. At higher
wave numberga) the planar stripe solution is stable. At low wave

numbers(b) the planar solution is unstable and forms a zigzag

pattern. Parametera; =2, a;=0, €=0.05, 6=2.
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APPENDIX A: THE MEANING OF 7=0

We show here that the conditiar=0 defines the critical
value of e at which traveling solutions bifurcate from the
stationary solution. We look for traveling solutions
u(6),v(0) of Egs.(1), wheref=kx— wt, that bifurcate from
the stationary solution branebh=0 at somee=¢.. Near the
bifurcation wherew<1 we can expand the traveling solu-
tions as power series im around the stationary solution
Uo,UO:

u(f)=ug(8)+wu () +---,

0(0)200(0)+w01(0)+"'. (Al)

Expandinge as

e=e.tewt (A2)

and using these expansions in E@b, we find at orderw

9? 5
k2ﬁ+1_3uo Ul_U]_: _UO,,

2

ECU1+ 5k2(7_fal)vlz_Ué_El(uO_all}O_ao).

02
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APPENDIX B: APPROXIMATE STATIONARY SOLUTION

250 - L For u=¢€/ 5<1 a singular perturbation approach can be
used to approximate the stationary solutiog(6),vq(6).
Rescaling the space coordinatezas(/u/k) 6, Egs.(3) be-

200 — come

Up—U3—vo+ uuf=0,

150 — Up—ayvg—ag+uvg=0,
where the prime now denotes the derivative with respezt to
Since the small parametgr multiplies the second derivative
termug, two types of spatial regions can be distinguished:
outer regions where(z) varies on a scale of order unity
and the termuug is negligible, and inner regions where
Uo(z) varies on a very short scale of ordgp and the term
pug cannot be neglected. In these regions, however,
hardly changes.

The analysis of the inner regions leads to the solutions

100 —

50 —

(a) X

Ug= *=tanh =0. (B1)

0
2k
These solutions represent front structures separating two
types of outer regions: domains of high activator values,
=u,(vg) (“up state”), and domains of low activator values
u=u_(vy) (“down state”), whereu. (vy) are the extreme
roots ofuy— ug—uo=0. We look for periodic stationary so-
lutions with wavelengtA =A _+A ., whereA, andA _
are the widths of up and down states, respectively. Consider
now a down state spanning the spatial rargd ~<z<0
followed by an up state spanning the range3<A . The
equations fow at these outer regions are

vo— g4 (vo—v-)=0, —A_<z<0, (B2)

with the boundary conditionsq(—A _)=v4(0)=0, and

—q%(vo—v4)=0, 0<z<A,, (B3)

0 10 20 30 40 50 60

(b) X with the boundary conditionsy(0)=v¢(A,)=0. In obtain-
ing these equations we approximated(vy)=*1—v/2.
FIG. 5. Time evolution of a periodic pattern in the region of This approximation is particularly good for bistable media
Eckhaus instability. The high wave number pattern is unstable anwvith a; small anda, relatively large. These values restrigf
converges to either one of the uniform statasor a lower wave  to a small range aroung,= 0. For excitable media and sys-
number patterrib). Parametersa; =2, a;=0, 6=2;top:€=0.01,  tems undergoing Turing instability, a large valuedfight
bottom: e=0.1. be needed to keep, small.

The solutions to Eq9B2) and (B3) are
Projecting the right hand side onta, — €. vo) gives

U_
vo=———+—|[Sinhgz—sinhq(z+A_)]+v_, (B4
(vo ) (A3) 0 smhqA_[ q a( )] (B4)
<Uo >
for —A_<z<0, and

where we used Eq.3b) and switched to the notation of a

prime for the derivative with respect to the single argument ; i

0. Using the definition6) of 7 and Eq.(A3) we find vo= smhqA [sinhq(z=A)=sinhqz] v, (BS)
€\, ,» for 0<z<A .. To determineA .. for a given A we match

T=\1-—= (o). (A4) " the derivatives ob at the front positions,

Thus,7=0 impliese= ¢, or the onset of traveling solutions. vo(0")=0vo(07), vo(Ay)=vo(—A_).
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This leads to the relation

v BAAL)+v_B(gA-)=0,
where B(x) is given by Eq.(11).

APPENDIX C: CALCULATION OF 7 AND B

The quantitiesr and B are given by Eqgs(6) and (7).
Consider first the integral

1 2m
(ug(0)?)= ﬂfo ug(8)2de.

It has a contribution from two inner regions a0 andz
= A, whereuy is given by Eq(B1), and a contribution from
two outer regions— A _<z<0 and 0<z<A ., whereug
—1-v/2 andug=1—vy/2 with v given by Eq.(B4) and
Eq. (B5), respectively[Recall thatz= (//k) 6.]

The contribution from the two inner regions is

(ug(6)?), —LJ secH(i)da
0 mner_zﬂ_kz ner \/Ek

2\2
37k’

1 J“”
\/E?Tk —o

We have used here the fact that O(\/u)<1. The integral

sechx dx=
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0 A,
(J vo(z)’2d2+J vo(Z)’de),
“A_ 0

where we used in the two outer regiong(z)' = — 3v0(2)".

Altogether,
0
( J Uo(Z)rde
—A_

At 12 )
+f0 vo(z)'“dz|.

The second term on the right hand side of Egl) is small
(since Vu<1) and will not contribute to the leading order
forms of r andB.

Consider now the integral

T

<U6( 0)2>outer:ﬁ

22

37k *

Vi

(ug(6)?)= 87k

(CD

1 (2=
<va(0)2>=§f0 vo(6)*de.

The contribution from the inner regions to this integral is
negligible foru<1. Thus

\/;UOA vo(2)'2dz+ fhvo(z)'?dz).
—A_ 0

(vo(0)?)= Pk
(C2

over a narrow inner region is transformed into an integral

over a wide region after stretching thevariable to thex
= 0//2k variable. The contribution from the two outer re-
gions is

Using the solutiongB4) and (B5) in the integrals(C1)
and(C2) and using the expressions feandB we obtain the
expressiongs).
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