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Complex natural and engineered systems are ubiquitous and their behavior is challenging to characterize and control.
We examine the design of the entrainment process for an uncountably infinite collection of coupled phase oscillators
that are all subject to the same periodic driving signal. In the absence of coupling, an appropriately designed input
can result in each oscillator attaining the frequency of the driving signal, with a pHase offset determined by its natural
frequency. We consider a special case of interacting oscillators in which the ¢oéupling tends to destabilize the phase
configuration to which the driving signal would send the collection in the absence of coupling. In this setting we derive
stability results that characterize the trade-off between the effects of driving@and coupling,‘and compare these results to
the well-known Kuramoto model of a collection of free-running coupled oscillatofs.
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Two well-understood approaches can be applied to impose
coherent behavior in a diverse population of dynamical
systems: the “top-down” approach of applying a common
driving signal, and the ‘“bottom-up” approach of impos-
ing pairwise coupling. While these approaches yield simi-
lar behaviors, their precise characteristics can put them in
opposition. In this article we study a situation that highs
lights both the synergy and tension that can exist between
driving and coupling in collections of oscillators.

I. INTRODUCTION

A growing variety of collective dynami¢ behaviprstin net-
worked periodic phenomena are observed aeross«disciplines,
with many well-known examples such as circadian cycles,
injection-locked semiconductors, apd-emerging applications
including battery charging cycles dnd neuralinformation pro-
cessing. Analysis, design, and contgol oflinteracting col-
lections of rhythmic or oscillatory processes whose scale or
complexity is beyond the sCopewof classical dynamical sys-
tems theory requires new/ mathematical frameworks. Devel-
oping continuum appreximations to oscillatory phenomena
over large-scale networks Wwill create paths towards practical
solutions to motivating-applications.

One basic class of phenomena that is of interest in
chronobiology!, “eleétrochemistry>3, neuroscience*>, and
power grid efigincering® isfthe formation of coherent behavior
in collections of integacting units. Such coherence can be im-
posed from outside, or can arise through the intrinsic interac-
tions themselves:“Fhere is a long history of studying the emer-
gence ‘of cohefent motion in oscillators using phase model
representations,/dating back to Winfree”8 and Kuramoto®1°.
The Cangnical examples that were posed in these early stud-
ies haye'becn widely examined in subsequent work!!, because
they exhibit a rich phenomenology while admitting beautiful

¥Electronic mail: jasnyder @math.ucdavis.edu

mathepiatical descriptions within an extensive range of an-
alytical settings. While original studies focused on mutual
entrainment’, injwhich coherent motion arises purely from in-
téractions between individual units, more recent studies have
inyestigated the effect of externally-imposed coherence in the
form of external driving.

Awpioneering study of forced, coupled oscillations was per-
formed by Sakaguchi'?, who considered an infinite, hetero-
geneous, population of oscillators subject to global sinusoidal
coupling and uniform sinusoidal forcing. By deriving a self-
consistent equation for the order parameter measuring phase
alignment, Sakaguchi was able to predict transitions between
regimes of incoherence, mutual entrainment, and forced en-
trainment. These transitions were subsequently investigated
in more detail by Antonsen and collaborators using a lin-
ear stability approach'>. The detailed nature of the bifur-
cations remained elusive, and suggested an underlying two-
dimensional structure which had yet to be exploited. This two-
dimensional structure was indeed discovered by Ott and An-
tonsen in their seminal work'*, which uncovered a particular
low-dimensional manifold that captures much of the asymp-
totic behavior of a wide family of models of coupled phase os-
cillators; in particular, the forced Kuramoto model was iden-
tified as a possible application of this dimension reduction.
Subsequent work has shown that, under certain mild condi-
tions, this manifold is globally attractive!>!®. This reduction
represents an enormous simplification, because in many cases
it permits closed-form evolution equations for the synchrony
order parameter directly. Building on the framework estab-
lished by Ott and Antonsen'?, Childs and Strogatz!” were able
study the dynamics of the forced Kuramoto model on the two-
dimensional attractive manifold, and found a complete picture
of a system’s bifurcation structure. It should be noted that
studies of the effect of forcing in this context have almost ex-
clusively considered a sinusoidal forcing function, due to the
analytical tractability of the resulting model. Recently, com-
plementary work has been done that examines the role of ran-
dom forcing applied to a population of sinusoidally-coupled
oscillators!®.

Beyond characterizing the phenomenology of natural and
engineered complex oscillating systems, emerging applica-
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in neural systems electrochemistry, and power grid en-
Qermg require new capabilities to control and manipulate
]& ior of such phenomena. Indeed, the ability to con-
ol a system is the ultimate validation of our understanding
of its behavior. For oscillating systems, a general picture of
frequency modulation by external forcing was first laid out
in 1946 by Adler'®, who derived equations describing the
amount by which an external drive signal can shift an oscil-
lator’s frequency and amplitude. The idea of “injection lock-
ing” has since been of major importance in many fields of
engineering”®?!. One prediction made by Adler was that an
oscillator driven at a frequency different from its own may
lock to the driving frequency, and exhibit a phase shift rela-
tive to the drive signal which is determined by its natural fre-
quency. For the simple case considered originally, this func-
tion is sinusoidal. However, for a general forcing function and
a general phase oscillator higher harmonics may be present, as
seen in experiments and derived analytically???3. The general
framework of using periodic forcing signals to control the en-
trainment of nonlinear oscillating systems has been exploited
to explore energy- and time-optimal control strategies for en-
trainment of one or more phase oscillators?*2%. The effect
of coupling on the efficacy of these control strategies remains
unexplored.

Publ

A challenge in specifying the forcing input to control Gqé—\
b

lections of coupled oscillators is that they are underactuated;
the entire collection of similar dynamical systems with
bly complicated individual behavior must be contrglled usi
a small number of inputs. To overcome this challen
serve that the entrained or coherent state of a coptrolle
tion of oscillators is characterized not only by s
to a forcing frequency, but also by the dis 1but10 of ‘subsys-
tems on the neighborhood of a nominal pério rbit. For
a finite collection, it is possible to construct a fercing signal

to achieve precise control of the relative.phases of an ensem-
ble of structurally similar oscillat \1t&h§‘§ht heterogeneity

in frequencies?’. With the undérstanding that such “phase-
selective control” is possible for s1pall ite collections, we
examine how the mathemati€al
continuum systems. Fur we examine the effect of cou-
pling between subsyst ms,ﬁwnds to drive phase differ-

ences to zero.

oidal) forcing, so that both cou-
e the collective behavior. Specifi-

situation in which the forcing drives in-
snaximally different (in a certain precise
pling tends to align the phases. To quan-
ade-off between these two effects, we compute, as a
e Coupling strength, the asymptotic stability of a
fix int in which the phases show no global alignment. By
the critical coupling strength above which this fixed
point is'unstable, we demonstrate that mutual synchronization
of entrained coupled oscillators occurs before mutual synchro-
nization of unforced coupled oscillators, despite the imposed
diversity of phases. Moreover, numerical experiments con-
firm that the external forcing has facilitated phase alignment

which is greater than that in the unforced case. Our results
demonstrate that measuring only phase alignment is bound to
miss important information about the global organization of a
population of oscillators.

1. PRELIMINARIES

A. Entrainment of o?ntors

We next describe ho zmigeneous population of oscil-
lators can be caused'to move at asgingle frequency by applica-
tion of a suitable 'a?’function. Mathematical details can
be found in sevéral standard references’->32%.

As our basic.model,of an‘oscillator, we take a phase model,
first popul ize‘(§y Winfeee’. Fori = 1,...,N, the i oscilla-

y the«ODE

Vi = @+ Z(Wi)u, D

ere y; 7r) is the phase, “"”” denotes the derivative with
spect totime, @; € R is the natural frequency, u = u(t) is an
external forcing, and Z(y;) is known as the phase response
PRC. The PRC determines the change in phase re-
from an infinitesimal external force applied at a given
asé on the limit cycle3*!. The equation (1) can be derived

sulti

N considering the lowest-order approximation of the effect

an external force acting on a system near a stable limit
cycle®??, and in this sense is representative of a wide class
of forced periodic motions.

A standard approach to analyzing entrainment is to take
u(t) = v(Qt), where v has period 27 so that Q denotes the
(angular) frequency of the driving signal. If Q is not too far
from w;, we suppose that y; will behave as Qt, plus a slowly-
varying phase offset. We formalize this supposition by mak-
ing the change of coordinates y; = Qf + ¢;, where ¢; now
represents the phase offset. In the ¢; coordinate system, the
dynamics now read

0 = Aw; + Z(¢; + Qt )v(Q), 2)

where we have introduced the frequency detuning Aw; =
— Q. Finally it is possible to approximate (2) by the time-
averaged system?’

¢ = Ao+ Ay (@), 3)
where we have introduced the interaction function

2

A0) = o [ 2o+ 000, @
0

in the sense that there exists a change of variables ¢; = ¢; +
h(®;, ¢;) that maps solutions of (2) to those of (3).

If the frequency detunings {A;} are such that (3) has a sta-
ble fixed point solution for all i = 1,...,N, then the phases of
all oscillators will be constant in the moving reference frame
with frequency Q. In other words, the entire population can
be entrained by the driving signal u = v(Qt).
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‘ s I qu 2 havmg equal frequencies, the oscillators will, in

general, have different phases, since the solutions to the fixed
Pu b|l[§h;hﬂegl ation Aw; + A, (¢;) = 0 depend on the value of Aw;.
I'his tact can be exploited to design a forcing function that
elicits frequency locking with a known distribution of phases,
irrespective of initial conditions?’.

B. The Kuramoto Model

To frame our study of phase coupling, we discuss some
standard methods and results relating to synchronization of
phase oscillators. Kuramoto introduced a model of the form

o=+ Zmn - ), (5)
J

which was derived as a “simplest” model for a collection of
self-sustained linearly-coupled oscillators®. Here {¢;} are the
phases of N oscillators, {®;} their natural frequencies (which
we allow to take any real values), and K > 0 is the strength of
coupling.

This ODE can be instructively rewritten in the form

¢ = @; + KRsin(® — ¢;),
where we have used the synchrony R € [0, 1], and the

phase ® € [0,27), first introduced by Kuramoto® and defi
by the formula

D 1 A {0]
=—) &%
NE

In this sense, this form of coupling is mean-fie character,

as each phase feels a force determi d‘hyg%average over the

entire population.
mtrysw frequency: ®; #

The key features of this modgl are

1. The oscillators hav(e/M

o drt hases towards the mean
h we assume throughout).

(provided K >"0, whi

odds with each other, and they
zca value of the coupling strength,

se the superscript “unf” to emphasize
that this is the CI‘lth&hCO ling strength in the unforced case).
opulation of oscillators does not show global

y particular phase, while for K > K",

aks down and a subset of the oscillators at-

These two fedtures are
é cri

mean-field approximation. We suppose that the population of
oscillators is large enough that averaging over this population
is well approximated by averaging over a probability distribu-
tion that describes the behavior of a typical oscillator. General

(7)
)

in various review articles3334.

The main result we quote from the extensive body of liter-
ature on the Kuramoto model is that in the limit of N — oo, if
the oscillators’ natural frequencies are drawn at random from
a probability distribution having density g(®), unimodal and
symmetric about zero, then the critical coupling strength de-
scribed above is given by

unf 2
. 8
éé\(f@ (®)

The expression Qbe taken as a precise quantification
of the trade-off Between ntrinsic disorder (g(0)) and coupling
(K). The possibly sugprising fact that K*"f depends only on the

t enter«f the distribution, and no other fea-
i ion, is because the first oscillators to syn-
he rest of the density g then determines
of R ith K > K",

ws, we will define a new model, show that
'fﬁifhavior that is qualitatively similar to that of the

odel, and find the location of the corresponding
The expression (8) will serve as reference to

Qg NN

I1l. MODEL FOR FORCING OF COUPLED
OSCILLATIONS

A. Finite N

We now formulate a model of a population of oscillators
that exhibits both frequency alignment by broadcast forcing
and phase alignment by attractive coupling. Many similar
models have been developed!>!*17-33 "and our present for-
mulation aims to augment the rich existing literature.

In general, we can consider each oscillator to respond to
external forcing according to one phase response curve, and to
respond to forcing from its neighboring oscillators according
to another phase response curve. That is,

1[/,—(1),+Z

N
Z ©)

Z\N

where Z, is the PRC for external forcing, Z. is the PRC for
coupling, and f() describes the force an oscillator exerts on
its neighbors as a function of its phase. The prefactor K/N
allows us to adjust the coupling strength K in a way that allows
comparison between different values of N.

Assuming, as before, that u(¢) = v(Q¢) with v having period
2w, we move into a rotating reference frame with frequency
Q and average over one period of the driving signal, obtaining
the averaged equations

@ = Ao+ Ay (1) + (9, — o) (10)

==X
™M=

j=1
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‘ s pr [0 Aa),, and A, are defined as before (3) and g(A@) = . imi

P bl% 6+A(P)f( )d@

, many different systems may be defined in this form
given approprlate choices for Z,, Z., v, and f. In order to
exhibit the qualitative features of phase dispersion caused by
external forcing combined with phase alignment caused by
coupling, while retaining tractability, we assume that Z,. and
f are such that g(A@) = sin(A@).

Hence, we take a model of the form

@ = Aw; + A (@) + — ):sm — ), (11)
J

which can also be written
¢i = Awi+ Ay (9i) + KRsin(P — @), (12)

with R and & defined as in (7).
As a first step, we choose {Aw; } and A, such that all oscil-

Next we introduce a thermodynamic limit of the
model (11), and the fixed point corresponding to that defined
in (15).

We replace our population of oscillators, formerly a collec-
tion of N individual oscillators with natural frequencies evenly
spaced from —1 to 1, by a continuum of oscillators with natu-
ral frequencies distribute umformly on |

Because our state ofdingerest for finite N is such that each
oscillator’s phase is ﬁxe:;\a\qulue determined by its natu-
ral frequency, we déscribe the state of our infinite system by

a function ¢(®) t es the phase of any oscillator hav-
i As the system evolves the whole

endence explicitly when discussing
is sort«of formulation is used, for example by

c33

inning phase rather than their natural frequency. We

lators can be entrained individually, but the resulting phase deseribe ‘this work in more detail in Section IV D.
offsets are as far as possible from alignment. This can be Qldetermme fixed points, we must establish the dynamics
achieved by setting in“the appropriate continuum setting. The intrinsic dynamics
2i d effiect§ of forcing remain the same, so we only need to
Aw; = i 1, (1ﬁ\§‘“m ourselves with the coupling term. For finite N, we
N simply had an average over the population, and in the infinite
and \ setting, we use a mean-field approach to say that averaging

_““w._over the infinite population is equivalent to averaging over the

¢ € (_ﬂv 71'] .
We refer to the function defined in (14) as the oothint
action function, or just sawtooth, as it has,a saw{ooth s

when plotted on R. \
ith this  choice

The standard unforced Kuramoto model
of natural frequencies has been recentl

by Paz6’’. These
dings in context.

th oscillator will be

figuration, llson is R = 0. For this reason, we re-
fer to thi int as the desynchronized state. Another
ibe such a state is splay state. The point
) € (?ﬂ,n}’v is a fixed point of the dynamics (11)
\4 coupling strength K.

rwect the situation is similar to the incoherent state
ed for the Kuramoto model in Section II B, with the
rence that in this case, all oscillators have attained
identical frequency locking to the forcing input. We proceed
to study the asymptotic stability of this fixed point as a func-
tion of K, and obtain a critical coupling strength K, analogous
to K" as defined in (8).

distribution of natural frequencies>. Our infinite-dimensional

dynamics are

9 p(w) = w+/\v(<P(w))+K/g(w/)Sin(¢(w/)—¢(w))dw'7
R

(16)
where g is the density of the distribution of natural frequen-
cies. These dynamics can be rewritten in the form

a9(0)

where R and & are the synchrony and average phase, defined
for the infinite system as

Re'® = /g(w)ei"’(w)d(o. (18)
R

Using the sawtooth interaction function introduced above
(see (14)), and g(®) = 1/2 for @ € [—1,1] and O elsewhere,
the fixed point condition for ¢ now reads

=0+ A, (p(®))+KRsin(®— ¢(w)), (17

1
= _M l i A !
=0 p +K/2sm((p(co o(w)dw', (19)

A straightforward calculation shows that the function
¢(w) = mw satisfies the condition (19). Note that this is pre-
cisely the infinite-N analog of the finite-N fixed point defined
in (15). In what follows, we perform a linear stability analysis,
finding the coupling strength K, at which this state becomes
unstable.
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A. Finite N

We now analyze the stability of the fixed point ¢* = (¢;) €
(—m, 7]V as defined in equation (15).

Asymptotic stability of ¢* is controlled by the spectrum
o(J) of the Jacobian J of the right-hand side of (11) with re-
spect to @, evaluated at @*. If every element of o (J) has neg-
ative real part, then ¢* is an asymptotically stable fixed point,
and if any element of ¢ (J) has positive real part, then ¢* is
unstable?®. The matrix elements of J are

* K * *
Jij = (A/v(‘Pi )— N ZCOS((P,' - ‘Pk)) 0;j
k#i

K * *
+H(1=8y)eos (@ —9) . (20)

where §;; is the Kronecker delta. A straightforward calcula-
tion (see Appendix A 1) shows that

a fixed point, and the &'(&') gives the time evolution of small
perturbations around ¢*.

We can diagonalize the dynamics (23) by writing 1 as a
Fourier series,

n(@) =Y ()" . (24)
ke,
Inserting the form (24) info the &'(¢') equation (23), we find
that \
—1 K
= ) 25
}nJr k|,12>Ck (25)
All Fourie; f the perturbation 1) except for the

in time with arate 1/7, while the first

Fourieni:lo e also decays in time, while if K > 2/,
i i ode grows in time, and the fixed point @™ is
stable. e we have, as in the finite-N case, the critical

c ng sYength K.=2/m.
-1 -1 K -
MD{,+}, e
' w2 C. [Interpretation

2/m.

{

B. The N — « limit

74

Appendix A 2.
near the fixed
imal perturbation,

¢(o) % ), (22)
where 0 < € < 1 andM 7&1, 1] is a function which we

take to be boundedsan surable.

Inserting this form into“(l6) and collecting terms by order
of € yields
¢ (@
0(£%): (o) £o— T
T

so the desynchronized state has a critical point K, = 247 a.sd\\
is linearly stable when K < 2/, and linearly unstable for

In both the finite- and infinite-dimensional versions of our
model, we have found that nonzero synchrony spontaneously
develops as the coupling strength K exceeds K, = 2/m. We
contrast this result with that for the corresponding unforced
model,

K N
0=+ N Y sin(p;— @), (26)
Jj=1

where @; = 27i/N — m. While the standard result (8) does not
directly apply in this case, since the uniform density is not uni-
modal, it has been established by Paz63” that the synchroniza-
tion transition does in fact occur at K" = 4 /1 = 2/(7g(0)),
which is twice the value at which the forced model begins to
show nonzero synchrony. This result can be considered sur-
prising, given that we have taken a forcing term, (14), that
was designed specifically to drive the system to a state of zero
synchrony.

The situation becomes clearer if we compare the desyn-
chronized state present in the forced model to the incoherent
state in the unforced model. The desynchronized state, de-
fined by @(®) = m®, has zero synchrony as measured by the
order parameter R. However, it has the property that every os-
cillator moves at equal frequency. This is in contrast with the
incoherent state of the unforced Kuramoto model, in which
each oscillator moves at its own natural frequency. Hence,
in the sense of frequencies, the desynchronized state is far
more organized than the incoherent state, although this fact is
missed by the synchrony parameter R, which only measures
instantaneous alignment of phases.

To understand the role of frequency alignment in estab-
lishing phase alignment, it is instructive to consider again
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andard unforced Kuramoto model. As we have already

oted ), the critical coupling strength is K*™ = 2/7g(0),

s the density of the distribution of natural frequen-

cles. mtultlvely, this expression captures the trade-off be-

tween disorder in the natural frequencies and the ordering in-

fluence of coupling; the tighter the distribution of natural fre-

quencies, the larger g(0), and the smaller Kl.mf. In other words,

the coupling strength must be large enough to overcome the

diversity of natural frequencies in order to bring about a pre-
ferred phase.

In the desynchronized state of the forced model, the oscilla-
tors move with a single frequency. Hence, there is no disorder
to be overcome by the coupling. All that keeps the system in
the desynchronized state is the forcing, which appears as the
eigenvalue —1/7 in the spectrum of the Jacobian. The sec-
ond eigenvalue, —1/7 + K /2, directly captures the trade-off
between the driving and the coupling, showing that the sta-
bility of the entrained state is the only force that needs to be
countered by coupling.

D. On the Relation to Previous Work

Finally, we discuss the relationship of the present model
previous work on models of globally coupled oscillators
ject to common forcing. The existing literature has focu
almost exclusively on sinusoidal forcing!>1417-33
the analytical progress that this assumption allows

One such model was discussed by Ott and Ant
a possible application of the powerful dimengi

sider, the dynamics away from the fixed poi
OA manifold invariant, precisely because the
ing function we consider is not sinusoi

The random pinning model
with each one pinned by
ticular (randomly chose
namics are

)5 27)

it circle. The only difference between
ne that we study is the term @; — ¢;/7

— ¢;). It remains the case that in the ab-
, each osc111ator evolves according to an au-

the dynamics (27) that is of the same form as (16); where
we represent phase as a function of natural frequency, they
represent phase as a function of pinning phase o.. Owing to the
regularity of the sine function, it is possible to obtain precise

, 0 ‘to\ RO'67

analytical results on the existence, number, and stability of
fixed points. Our formulation is not amenable to the same
analysis, for the reason that the sawtooth forcing function we
consider has infinitely many Fourier modes.

V. NUMERICAL SIMULATIONS

Here we present some iumerical studies of the dynamical
system (11), which cog(‘r’n the bifurcation at K = K, =2/7
and illuminate the system’s*gehavior away from the bifurca-
tion point. To sery, a“lﬁferen we also present data from
numerical solution“ef the system in the absence of forcing
which is the Kutamoto'model with evenly spaced natural fre-
quencies.

As we igwl, the synchrony R achieved at any

n seeyin Fi
value of the cuplingsstrength K greater than 2/7 is greater in
the fogted ease than in the unforced case. This confirms the

I
unforced—p

forced—»

l/n 2/m 3/1: 4/75 5/71: 6/n
K

FIG. 1. Synchronization R vs. coupling strength K. In the unforced
case (dashed line) the synchronization threshold is K™ = 4/
When forcing is added to drive the system to a splay state of equally
distributed phase angles it synchronizes at a lower coupling strength
K. =2/m. The data were generated from a simulation of N = 50
oscillators, starting from random initial conditions. For the forced
case, integration was carried out until the system was determined to
be at a fixed point. For the unforced case, integration was carried out
until the system was determined to be in a statistically steady state.

In the numerical simulations above, we find a sharp in-
crease in the steady-state value of R as a function of coupling
strength K. To obtain a deeper understanding of the nature of
this transition and of the R > 0 fixed point of (11), we per-
form, for a range of N values, numerical continuation of the
R > 0 fixed point with respect to the bifurcation parameter K
using the numerical continuation software AUTO.

To perform numerical continuation with AUTO, it is first
necessary to locate an attractor (in our case, a fixed point) on
the branch of interest. For each N from 3 to 100, this was ac-
complished by numerical integration of (11) until stationarity
with K = 0.7. This value of K was chosen as it is greater than
K. =2/m, and was observed to lead to an R > 0 fixed point in
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‘ s Eptar ces. The AUTO software was then instructed to lo-

Publl§]1 D

connected famlly of fixed points in the joint parameter-

< e Rx [, 7]V > (K, @), searching in the negative K
airection from the user-supplied fixed point. AUTO equation
and constants files, including initial fixed point locations for
3 < N <100, are available upon request.

Representative results of the continuation just described
are shown in Fig. 2. In particular, we find that for any
N =3...100, the stable R > 0 branch undergoes a saddle-node
bifurcation at a coupling strength K = K(N) < K. =2 /7. The
unstable portion of this branch exists for all K € [K;(N), K],
and meets the R = 0 branch (i.e. the desynchronized fixed
point) transversally, precisely at K = K.. Fig. 2 clearly
shows, for N = 5,10,20, the existence of a bistable region
[Ks(N),K.], implying that hysteresis is possible upon slow
variation of K.

0.6f !
R g4l
0.2f I
0.0 ‘ :

0.6}
R 4]
0.2}
0.0

0.6}
R4l
0.2}
0.0

057

FIG. 2. Bifurcation diagrams for the finite-N syming the
bistable region as it depends on N. Solid lines indicate stable

fixed points; dotted lines, unstable. Dat erated using AUTO
software38.

Moreover, we find that the $hape of the
in the bistable region ob a st egﬁlarity across differ-
ent values of N. In parti he width of the bistable region,
namely K, — K;(N), foll 1::%O%r-law scaling with N, with
exponent —1.67. Additionally, the value of R at the saddle-
oOte Rs(N), is observed to approach
accordlng to a power-law with
). We expect, therefore, that the
ibit a jump bifurcation at K = 2/x

ifurcation diagram

imilar to that investigated by Paz6’’
cking threshold for the (unforced) Kuramoto
evénly spaced natural frequencies. In contrast
typically considered case in which the density g of
the n uraﬁ?equency distribution has g”(0) < 0, leading to a
continuQus synchronization transition33, the uniform distribu-
tion has g”(0) = 0, and the transition is discontinuous. Pre-
cise results for the height of the jump, Rgnf, and the scaling
of R — R for K > K" were derived using a self-consistent
approach’”.

Correspondingly, Pazé found, in the finite-N system, a
phenomenon of global frequency alignment for K below the
infinite-N critical point, K*. Specifically, it happens that
as coupling strength is increased, oscillators with nearby fre-
quencies lock to each other, forming clumps, which then
merge as K is further increased. The final merge occurs at
K = K,(N), which approaches Kgnf from below as N — oo,
according to K" — K, (N) ~ N~# with u =~ 3/2. We should
note that for finite N, the transition in the unforced case is not
hysteretic, as it is in the(grced case.

10? y. '\}

107 102
N

FIG. 3. (upper) The extent of the stable R > 0 branch below K. =2/7
as a function of N. The data show approximately a power law scaling
N=167 for N between 3 and 100. (lower) The difference between
the value of synchrony R at the saddle-node point and a numerically
estimated critical value of R, = 1/2 as a function of N. The data
show approximately a power law scaling N~12° for N between 3
and 100. Circles represent data measured from AUTO simulation,
solid line is a power law fit.

VI. CONCLUSIONS

We have explored, using an idealized model, the interplay
between two ways in which a population of phase oscillators
may be caused to behave coherently: common periodic forc-
ing and attractive coupling. Based on the synchrony order pa-
rameter, R, forcing and coupling can appear to be at odds; the
forcing drives R towards zero while the coupling drives R to-
wards one. However, as we demonstrate both analytically and
numerically, this view is inherently limited, since for K above
K. =2/m, the forced system exhibits greater phase alignment
than the corresponding unforced system. An intuitive expla-
nation for this mismatch is that the parameter R measures only
phase alignment, and is prone to miss the necessary precondi-
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‘ s ilpf frequency alignment.

Publ isﬁ*mtgg 1 we have gained considerable intuition from the re-
sults-already obtained, there is more work to be done. First,
we are still lacking analytical understanding of the upper
branch of solutions, which would include an expression for
the height of the jump and the scaling of R with K above the

jump (see Fig. 2).

Another set of questions involves the (in)feasibility of the
sawtooth interaction function A, (defined as A, (@) = —¢/x
for ¢ € (—x, m| (14)). A simple argument reveals that for any
integrable forcing waveform v € L?(0,27), the corresponding
interaction function A, will be continuous on S!, a condition
which the sawtooth does not satisfy. It remains unexplored to
what degree the results presented here may be approximated
by interaction functions that approximate a sawtooth. One
could investigate the scaling of dynamical properties with the
energy of the input signal used.

Techniques for analysis and control of entrainment pro-
cesses can be used to examine and even manipulate numerous
processes in biology®. In addition to developing an initial
mathematical framework for characterizing stability of coher-
ence phase structures in a continuum of interacting oscillas

a compelling biological application. Specifically, althou

tors, our work presents a potential path towards addresu’ag\
g

Appendix A: Stability Analysis Calculations
1. Spectrum of the Jacobian in Finite Dimensions

Here we calculate the spectrum of the N x N matrix J whose
entries are

* K * *
Jij = (A()((pi )7 N ZCOS((Pi - ‘Pk)) 0;j
ki

K
+ I—MS(%*—W),

where §;; is the KronecKer delta. By symmetry of the phase

configuration, the'sum insthe diagonal term is independent of
i, and can b cessput by noticing

(AD)

N
S0 ="9_cos(¢] — ;)
N ks Leoste a), ()
o

\ thairst equality in (A2) follows from symmetry (R =
Henee

Y cos(of — ) = —cos(of — /) =—1.  (A3)

iZi
some disagreement about the nature and phenomeno
epilepsy exists in the neuroscience literature*, studies in an- his allows us to write the matrix entries in a simpler form,
imal models have indicated that control of synchroniZai which will facilitate calculation of eigenvalues,

e

neural dynamics can mitigate epileptiform activity
understood that neural stimulation is an und
tem because one or a few electrodes a

general coupled

developing ef-
fective desynchronizing stim nt of epilepsy. The
criterion that is derived in iondV C and validated by nu-
merical experiments in Sijim v in principle be tested

experimentally??.

y.
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Jij = <A'v(<Pi )+N> &ij+ (1= &) cos (¢ — 97)

1. K .
Note that we have used A}, (¢;) = —1/ for all i, and &;; +
(1—6;j) cos(p; — @) = cos(¢; — ¢;) forall i, j. We can write
this in matrix form as

J:KC—lI,
b/

(AS)
where I is the identity matrix and C is the matrix with entries
Cij = N~ 'cos(@F — ¢¥). This form makes it clear (see cal-
culation starting at (A8)) that to find the eigenvalues of J for
arbitrary values of K, it suffices to find the eigenvalues of C.
To do this, we can write the action of C on an arbitrary vector
X as

N N
(CX),‘ = Z C,'jx]' = ]V_1 Z COS((pl-* — (P;)Xj
j=1 Jj=1

=cos(¢;) lNl ZCOS(‘P;)le

+sin(¢@;") (A6)

N~ Zsin((p}‘)xj] ,
J

where we have used the sum angle identity for cosine. The
range of C is spanned by the vectors e! = (cos(¢;))¥ | and
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‘ s Iii sin(@;))Y_,. Each of these is in fact an eigenvector with
genvalue 1/2, which follows from

Publishin
(Ce'); =cos(¢;}) lNIZcos(fp}‘)cos(fp}f)]
J

+sin(¢;) lNl Zsin((P;) COS(‘P;)]

J

=cos(¢;) lNIZCOSZ(‘P}‘)]
J
=cos(¢}) lNl Z H(:()S(Z(pj)]
J
=S cos(9) = 5 (V). (A7)

and similarly for ¢>. Hence ¢! and e? are eigenvectors of C
with eigenvalue 1/2, and all other eigenvalues of C are zero.

Finally, we can find the eigenvalues of J for arbitrary K.
Notice that

Aeo()) = det(J—AI) =0

< det (C—K1 (}t—wl) I) =

— K| (;Jrl) €o(C).

Hence the eigenvalues A of J are of the form A =—4/7 & u,
for u € 0(C) = {0,1/2}. In other words,\

2. Linearization in Infinite

£
Here we present the é/
dimensional dynamics (1 )%\
0" (0) = ro. )
First, inserting the form ¢ () = ¢* (@) + en(w) into equa-
tion (16) yields

(A10)

an)the sine function in the integrand around the

Xt we
t ') — ¢*(w), and obtai
po Wa)\) ¢*(w), and obtain

sin(@* (') — ¢*(0) +e(n(0') —n())) =
sin(@*(0') — ¢*(0))
+ecos(¢*(0') — 9" (@))(n(0') —n(w))
+0(€Y). (Al1)

From here we can read off the terms of order €° from each
side of the equation, and get

9" =0~ L*?(rw)
11 : / * /
JrK/Esm((p*(w)—(p (w))do',  (A12)
-1

which clearly holds, aszé/ch side evaluates to zero for all 0 €
[_ 17 1]

Next, we gather @81 and obtain (dropping the
€ factor from all t :;3
()
iy
; 2-Lees (¢°(0) = 9*(@)) [n(0) —n(w)] do"

3 (A13)

(Al4)

which follows from the symmetry of the phase configuration
¢*. We then arrive at the linearized dynamics as presented in
the main text, (23), which we repeat here for completeness,

()=o)

1
1
+K/§cos((p*(a)’) — 0" (0))n(0)da.
21
(A15)

Finally, we demonstrate the diagonalization of the lin-
earized dynamics (A15) in the Fourier basis. As 1 is a func-
tion on [—1, 1], the appropriate Fourier basis is {¢*"®|k € Z},
SO we write

n(w) _ Z Ck(t)eik”w,

keZ

(Al6)

with the understanding that 7 is real-valued and the coeffi-
cients {c } will obey ¢; = c_y, where the bar denotes complex
conjugate.
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‘ s I p(t, ve use @*(®) = o and Euler’s formula to write

* _ 1 in(o—w) —in(o' —w)
[0) (a))) =3 (e +e )
(A17)
Inserting (A17) and (A16) into (A15) gives

1
an(®) = —_n(®) (A18)

1
—‘r-K/l Z Ck(t)eikmo/ (ein(a)’—co) +e—irc(w/—w)) do'.
e 4z

(A19)
The only terms of the sum that do not vanish in the integral

are those with k = £1. For the k = £1 terms, the integral
evaluates to

1
1 ol i 1 ;
/ch (1)e ™ ¢ O =0) gy — 3¢ (1)e'™® (A20)
~1
and likewise for k = —1. This shows that the coupling term

coefficients on each side of (A18), we obtain
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