Frequency locking in extended systems: The impact of a Turing mode
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A Turing mode in an extended periodically forced oscillatory system can change the classical resonance
boundaries of a single forced oscillator. Using the normal form equation for forced oscillations, we identify
a Hopf-Turing bifurcation point around which we perform a weak nonlinear analysis. We show that resonant
standing waves can exist outside the 2:1 resonance region of uniform oscillations, and non-resonant mixed-mode
oscillations may prevail inside the resonance region.

PACS numbers: 05.45.Xt, 47.20.Ky, 47.54.+r

A single oscillator, periodically forced in time, can adjust typical dynamical variable of the system can be written as
its oscillation frequency to make it a rational fraction of the
forcing frequency [1]. A common case is an oscillator forced u=ug+ [Aeiwftﬂ +eel+..., (1)
at nearly twice the frequency of the unforced oscillations.

At very low forcing amplitudes the forced oscillator exhibits wherew, is the value ofu at the rest stated is a complex
quasi-periodic oscillations consisting of the forcing frequencyamplitude c.c. stands for the complex conjugate, and the el-
and the frequency of the unforced oscillations. As the forcingipses denote higher order terms. The amplitude of oscillation

amplitude is increased a threshold is reached beyond whicli may vary slowly in space and time and for weak forcing is
the oscillator locks to the forcing and oscillates at exactly halfdescribed by the forced CGL equation [5]

the forcing frequency. This threshold forms a tongue-shaped

region in the parameter plane spanned by the forcing ampli-0; A = (u+iv) A+ (14+ia) VA—(1+iB)|A|* A+yA* . (2)
tude and forcing frequency which designates the domain of

2:1 frequency-locking or 2:1 resonance. In this equationu represents the distance from the Hopf bi-

Spatially extended systems often show synchronous oscilldureation, v = € — wy /2 is the detuningq represents dis-
tions where all spatial elements share the same frequency aR§rsion,3 represents nonlinear frequency corrections the
phase of oscillations. These oscillations usually arise in Hopforcing amplitude. In this study all the parameters exaept
bifurcations where uniform Hopf modes grow from unstable@'® 8ssumed to be non-negative. The teffris the complex
stationary states. When the oscillations are periodically force§onjugate ofA and describes the effect of the weak periodic
they may exhibit frequency locking like single oscillators [2]. forcing [5].  Throughout this paper we will mostly be con-
Spatial coupling in oscillating media, however, may lead tocgrngd with Eq. (2) for thamplitudeof oscn_latlons. The os-
finite wave-number or Turing instabilities [3] which break the Cillating system represented by Eq. (1) will be referred to as
translational phase symmetry; different spatial elements maf'€ “original system". _ _ _
not share the same phase of oscillations. The possibility of According to Eg. (1) stationary solutions of Eg. (2) describe
a Turing instability raises the question: are frequency-lockindrequency locked oscillations of the original system (for then

properties of extended oscillating systems different from thos& ©scillates at exactly half the forcing frequency, despite the
of a single oscillator? fact that the unforced system may oscillate at nearly that fre-

In this Letter we show that a Turing mode generically existsquency)' To find the frequency-locking boundary of a single

in forced oscillating media, and that its coupling with the Hopf oscillator we look for stat!onarypanally_ umforr_nsolutlons of
mode can either extend or reduce the domain of the 2:1 res%q' (2). Four such solutions appear in a pair of saddle-node

. . T s
nance. Our analysis is based on the normal form equation fo ifurcations aty = v, = |v — pf|/\/1+ 5 [6, 7], wo of

forced oscillations near the Hopf bifurcation, the forced com—Wh'Ch’Ai = Rexpi¢s, are stable to uniform perturbations,

plex Ginzburg Landau (CGL) equation. The effect of spatiaIWhere

coupling on frequency locking in extended oscillatory systems 1 . v— fR2

has already been pointed out by Park [4], but has not beenre- ¢ = 5 arcsin — (3a)

lated to .a Turing instability. . . . b — b+, (3b)
Consider an extended system with a Hopf bifurcation to 5

uniform oscillations at a frequendy, and that is periodically R +vB+ \/(1 +82) 72 — (v — uB) 30)

forced at a frequency s ~ 2. Near the Hopf bifurcation a 1+ 32
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FIG. 2. The growth rate (real part of) of perturbations from the
FIG. 1: The resonance tongue of spatially uniform solutions of A = 0 state at the codimension 2 poipt= 0, v = «.. Two modes
Eq. (2) in thev—y plane (shaded region). Inside the tongue the origi-become marginal at this point, a Hopf zétanode and a Turing
nal system responds at exactly half of the forcing frequency. Paranfinite-k mode. Parameterg. = 0, v = 2.0, = 0.5, 7 = 7. ~ 1.8.
eters;uy = 0.1, =0, a = 0.5.

The complex amplitudeB, (ut) and By (ut) in Eq. (6) are of

The solutions describe frequency locked uniform oscillationsorderf, and describe slow uniform modulations of the (rel-
with phases differing byr. The existence range of these so- atjvely) fast oscillations associated with the Hopf mode and
lutions, v > ~;, forms a V-shaped region in the— v pa-  of the fast spatial variations associated with the Turing mode.
rameter plane as Fig. 1 shows. We call these solutions “phasghe more general case where the amplitudes are also modu-
states”, and refer to the the V-shaped region as the “2:1 resated in space will be discussed elsewhere [11]. The eigenvec-
nance tongue” [8, 9]. torseo andey correspond to the Hopf and the Turing eigen-

We now study translational symmetry breaking in the ex-g|yes, respectively.
tended system described by Eq. (2) by considering the stabil- Inserting the expansion (6) into Eq. (2), solving the linear
ity of the two phase states,. and¢_ [10], and the rest state, equations at order, evaluating the solvability condition at

A = 0 [8], to nonuniform perturbations. The linear stability order®/2 and rescaling, we find the amplitude equations
analysis of the phase states indicates a narrow range near the

2:1 resonance boundary where a finite wave-number instabil- By = (u — i9) By — (a, + ia;)|Bo|?Bo (7a)
ity leads to stationary patterns [9]. These patterns, however, (e +ici)| By|2Bo
represent resonant oscillations of the original system and do _ " ‘ ’ 5 9
not affect the 2:1 resonance boundaries. By = (u+pV9) By — 11| Bl"Bi — 12| Bol" By, (70)
In the case of a single forced oscillator, the rest stdte; 2

. . ’ ! whered = (v —~.)/a, a, =4, a; = 2(2 1 0, Cp =
0, goes through a Hopf bifurcation at= 0. The rest state of 8 © ?97 4([2& W(éé)ial)i (3 +Z)],6’/o§ f4+ r)ﬂia(jp (El _
the extended system, however, may go through a finite wave!, " = P P =P

T - : . " Bla), o =8—123/aandn = a + p.
number, or Turing, instability as well. The dispersion relation : : - . )
! : ' o E ions (7) admit thr f nontrivial solutions [12]:
associated with the rest state is given by [8] quations (7) admit three types of nontrivial solutions [12]

A pure Hopf mode:

o=u— k2 + 72 —_ (V — OLkQ)Q . (4) By = me_iﬂot 7 By, = 0; (83.)

An examination of this relation reveals a codimension two : )
point A pure Turing mode:

p=0, y=me=v/VITaR, 5) By=0,  Bi=+/alu+pd]/[6pn(a—p)]; (8b)

where the Hopf bifurcation to uniform oscillations coincidesA mixed Hopf-Turing mode:
with a Turing instability [8], as Fig. 2 shows. The Hopf fre- . it
quency and the Turing wavenumber are givenly= va/p Bo = VI-(38 + a)u — dapd]/[4(98 — 5a)] e ’
andk? = va/p?, respectively, wherp = /1 + aZ2. B = V[(38 — a)u+ apd]/[20m(98 — 5a)], (8c)
To study the system in the vicinity of the codimension 2 ) )
point, wherely — .| ~ u < 7., we can expand solutions of where2QO = U+ ailBo[* and Q= ¥ + ai|Bo|® +
Eq. (2) as alBi 113l _ | —
A linear stability analysis of the pure Turing solution [using
Egs. (7)] gives the stability threshadd= ; stationary Turing
patterns are unstable for > «. A linear stability analysis

< f:r?fl ) = {eoBoe™°" + ex Bre'™ " +c.e.} +--- . (6)
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ing solutions prevail to the tongue boundayy:= v, and be-
yond.

Case (b) [Fig. 3(b)], like Case (a), involves a transition
from pure mode oscillations to mixed-mode oscillations at
v = ~vmu, but unlike Case (a), the stability of the mixed-mode
oscillations persists beyond the tongue boundary= ;.
Mixed mode oscillations destabilize at = ~,; (assuming

v > p(5* —1)/(20) [7]), where

w38 —2a)° + 3504]
p (33 + )

The significance of the results described above for Case (a)
is that stableesonantstanding waves, represented by station-
ary solutions of (7), existin the range < - < 7, outsidethe
2:1 resonance tongue of uniform oscillations. The stationary
solutions form through the Turing instability as demonstrated
in a numerical solution of Eq. (2) shown in Fig. 4(a).

For Case (b) in the parameter range< v < vy, inside
the resonant tongue for uniform solutions, the non-resonant
mixed-mode oscillations stably coexist with the phase-state
solutions of (2). Figure 4(b) shows a numerical solution of
Eqg. (2) with a uniform phase state in one half of the domain
and mixed-mode oscillations in the other half [the phase-state
solutions are not captured by the amplitude equations (7) as
the ansatz (6) does not contain them]. Non-resonant (mixed-
mode) oscillations can therefore be realized within the 2:1 res-
onance tongue for uniform solutions.

Above v,; the mixed-mode oscillations are unstable and
FIG. 3: Bifurcation diagrams for uniform solutions of Eq (7) show- patterns evolve toward a mixture of the two phase states (3)

ing the existence and stability ranges of the two pure mode SOluuonﬁ/hich represent resonant oscillations of the original system.
and the mixed-mode solution as the forcings varied. The ver-

tical axis isR = \/[Bo|? + |Br[2. The solid (dashed) curves de- The new boundaries of resonant o_scillgtions for b_oth cases
note stable (unstable) solutions. The thin vertical lines in (a) and (bff the extended system are shown in Fig. 5. In Fig. 5(a) a
highlight the location of the uniform oscillation boundasy= ~,.  Point "R” outside the resonance tongue of uniform oscilla-
Note that in (b) the uniform oscillation boundary lies inside the sta-tions (dashed line) gives rise torasonantstripe pattern as

ble mixed-mode region. Parametefs= 0.1, v = 2, « = 0.5, (@)  shown in Fig. 4(a), whereas in Fig. 5(b) a point "N” inside the
= 0.4and (b)s = 0.55. resonance tongue of uniform oscillations gives riseom-
resonantmixed mode oscillations as shown in Fig. 4(b).

The parameter ranges considered in this study are limited
but sufficient to demonstrate the existence of resonant spa-
tial patterns outside the 2:1 resonance tongue, and the ex-
istence of non-resonant patterns inside the tongue. Another
Phechanism (other than mixed-mode oscillations) that leads to
non-resonant patterns inside the 2:1 resonance tongue is the
nonequilibrium Ising-Bloch (NIB) bifurcation [6, 14]. This
mechanism is addressed in Ref. [11]. The predictions of this
study can be tested in experiments on the periodically forced
photosensitive Belousov-Zhabotinsky reaction [2].

VM = Yo — 11)

of the mixed-mode solution gives the stability threshgle-
5a/9: mixed mode oscillations are unstable for< 5a/9.
We therefore consider the range> 5c;/9 which allows for
stable mixed-mode oscillations, and distinguish between tw
cases: Case (&)v/9 < 8 < «, and Case (b} > a.

Figure 3 shows bifurcation diagrams for the amplitude of
the Turing, Hopf, and mixed-mode solutions in the two cases
In Case (a) [Fig. 3(a)] uniform oscillations are stable for forc-
ing amplitudes up tey = vy where
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